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ABSTRACT 
Article is devoted to determination of efficiency of the vertical specularly reflecting cylindrical light shaft for various 
types of the firmaments standardized by CIE (International Commission on Illumination). Efficiency of the light shaft 
was calculated as the relation of the output luminous flux (exiting through the lower base of the shaft) to the entering 
luminous flux (entering through the upper base of the shaft). The output luminous flux consists of the luminous flux 
created by direct light (gets on base of the shaft directly from the sky) and the luminous flux created by light which is 
repeatedly reflected from its inner side surface. For the 4th and 15th types of firmaments surfaces of dependence of 
the total efficiency (formed by the direct and reflected light) of the light shaft from solar time and the index of the shaft 
and also – graphs of dependence of total efficiency of the light shaft on the index of the shaft are given. For the 4th 
types of firmament the maximum values correspond to solar noon (from 29.3% to 96.3%), and the minimum values 
are at sunrise and sunset (from 28.7% to 95.3%).  For the 15th types of firmament the maximum values correspond 
to solar noon (from 15.5% to 95.8%), and the minimum values are at sunrise and sunset (from 13% to 91.5%). The 
results showed that the solar time has almost no effect on the efficiency of the light shaft, which allows us to average 
the results in a certain way. As the light shaft index increases, that is, as the ratio of the radius to the shaft height 
increases, the efficiency value asymptotically approaches one hundred percent, which is physically correct. Knowing 
the radius, height, index of the shaft and the specular reflection coefficient of its inner surface, it is possible to predict 
natural lighting under the shaft and use energy resources more rationally. 

Keywords: light shaft, natural illumination, firmament, repeated luminous reflectance

1. INTRODUCTION 
Natural lighting plays very important role in human life. Its 
insufficient quantity or absence not only affects destructive image 
human health, but also causes different inconveniences almost in 
all fields of activity of mankind. However and the surplus of 
lighting has negative effect. Therefore, more and more adequate 
mathematical distribution models of brightness on firmament are 
being developed, which are the source information for modeling 
natural lighting both outside and inside buildings through light 

openings of various shapes and locations, for example, through 
light shafts. 

In particular, till 2004 for calculation of brightness of the sky 
and natural illumination and other characteristics of the light field 
used the document CIE S 003/E:1996 (ISO 15469:1997) "CIE 
standard overcast sky and clear sky" [1] which mathematically 
described distribution of brightness on firmament with continuous 
overcast the formula Moon-Spencer offered by the American 
scientists Moon and Spencer in 1942. 

Later the International commission on illumination has 
standardized the new document: CIE S 011/E:2003 (ISO 15469: 
2004(E) Spatial distribution of daylight – CIE standard general 
sky) [2]. A similar document, namely DSTU ISO 15469:2008. 
“Spatial distribution of daylight brightness. Standard cloudy and 
cloudless sky according to CIE (ISO 15469:2004, IDT)” [3] – was 
introduced in Ukraine. 15 mathematical models of types of 
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firmaments are already given in both standards, and the firmament 
with continuous overcast is only one of them (the first). The 
mentioned documents are still rather new and therefore demand 

both the additional analysis and correct application (adaptation), 
in particular, for conditions of Ukraine.  

 

NOMENCLATURE 
𝛺𝛺 the solid angle limiting the luminous flux falling on the plane, sr 
𝑑𝑑𝐸𝐸𝐻𝐻 the illumination of the plane perpendicular to the axis of the elementary solid angle 𝑑𝑑𝛺𝛺, created by the 

elementary radiator within this solid angle, klx 
𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑥𝑥,𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑦𝑦,𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑧𝑧 radiation importance functions for the illumination of coordinate planes 
𝛽𝛽𝑥𝑥, 𝛽𝛽𝑦𝑦, 𝛽𝛽𝑧𝑧 light inclination angles on coordinate planes 𝑦𝑦𝑦𝑦𝑦𝑦,𝑥𝑥𝑦𝑦𝑦𝑦,𝑥𝑥𝑦𝑦𝑦𝑦, rad 
𝑑𝑑𝑑𝑑 area of the elementary plane of the firmament 

𝑙𝑙 distance from the middle of the elementary plane 𝑑𝑑𝑑𝑑 to the calculation point, m 
𝜀𝜀𝑧𝑧 z-coordinate of the light vector, lm  
𝑡𝑡𝑧𝑧 z-coordinate of the unit vector 
𝑡𝑡
→

 the unit vector 
𝜃𝜃 the angle between the unit vector and the vector of the normal to the radiator surface, rad 
𝑑𝑑 integration area 
𝐿𝐿𝜃𝜃 brightness of any element of the firmament, cd/m2 

𝐿𝐿𝑍𝑍 brightness in the zenith, cd/m2 
𝜙𝜙(𝑍𝑍) luminance gradation function 
𝑓𝑓(𝜒𝜒) scattering indicatrix function  
𝛾𝛾𝑆𝑆 angular height of the Sun, rad 
𝐸𝐸𝑉𝑉 horizontal extraterrestrial illuminance, klx 
𝐷𝐷𝑉𝑉 diffusion horizontal illumination, klx 
𝑇𝑇𝑉𝑉 luminous turbidity factor 
𝐾𝐾𝑃𝑃 efficiency of the light shaft, % 
𝐹𝐹𝑖𝑖𝑖𝑖 entrance luminous flux, klx 
𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠𝑜𝑜𝑠𝑠 part of the output luminous flux created by direct light from the firmament, klx 
𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜
𝑠𝑠𝑟𝑟𝑟𝑟 part of output luminous flux created by light which is repeatedly reflected from side face of the light 

shaft, klx 
𝑅𝑅 radius of the cylindrical light shaft, m 
𝑅𝑅𝑅𝑅 reference point 
𝜀𝜀𝑧𝑧 z-coordinate of the light vector, which is created by the elementary plane at the reference point, lm 
𝜀𝜀𝑧𝑧𝐵𝐵 z-coordinate of the light vector at the reference point, created by direct light that passed through the 

upper base of the shaft, lm 
𝐻𝐻 shaft height, m 
𝑁𝑁 number of reflections of the beam from walls of the light shaft 
𝑦𝑦 z-coordinate of the center of the reflecting plane dS, m 
𝜌𝜌 specular reflection coefficient of its inner surface 
𝐿𝐿𝑖𝑖𝑖𝑖 beam brightness at the entrance to the light shaft, cd/m2 
𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜 output beam brightness from the light shaft, cd/m2 
𝜀𝜀𝑜𝑜𝑜𝑜𝑜𝑜 light vector created in the reference point on the basis of the light shaft by light reflected from the 

plane, lm 
𝜀𝜀𝑧𝑧𝑜𝑜𝑜𝑜𝑜𝑜 z-coordinate of the light vector created in reference point reflected from all inside face of the shaft, lm 
𝜓𝜓 declination of the Sun, rad 
𝜔𝜔 time angle, rad 
𝜑𝜑 latitude, rad 
𝛼𝛼𝑆𝑆 azimuth of the Sun, rad 
𝑁𝑁𝑑𝑑 day number of the year 
𝑡𝑡𝑆𝑆 solar time, h 
𝑡𝑡sunrise solar sunrise time, h 
𝑡𝑡sunset solar sunset time, h 
𝑀𝑀 the total number of generated points during integration by the Monte-Carlo method 
𝛿𝛿 relative accuracy 
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Since on the firmament is different for all models, the natural 
lighting they create will also be different. Information on the 
number of natural illumination which it is possible to expect in this 
area (light resources) allows to project more rationally light 
openings in buildings and constructions for reduction of use of 
artificial lighting, losses of heat energy in the winter and energy 
costs of conditioning. 

Various aspects of the above-mentioned mathematical models 
of types of firmaments have been studied in works [4-10]. In 
works [11-12], the types of sky firmaments characteristic of 
Ukraine in different months of the year were determined. Similar 
problems were solved for Singapore [13], Chile [14] and Hong 
Kong [15]. In work [16], an analysis was conducted to determine 
the ratio of the brightness of an arbitrary element of the sky to the 
brightness at the zenith. 

One of the factors characterizing natural lighting resources is 
the diurnal course of illumination of the horizontal plane created 
by different types of firmaments on typical days of the year at a 
given latitude. For the first type of firmament (standard overcast 
sky according to CIE), the illumination of the horizontal plane 
does not change during the day, since the brightness distribution 
over the sky (Moon-Spencer formula) does not depend on the 
position of the Sun and, accordingly, solar time. For the remaining 
14 types of firmaments, the coordinates of the Sun must be taken 
into account when calculating, since the distribution of brightness 
across the sky depends on them and affects the illumination of the 
horizontal plane and, in general, the illumination of any plane or 
surface. 

The course of illumination of the horizontal plane, in particular, 
allows you to determine critical outdoor lighting, which is 
associated with the duration of use of artificial lighting in a 
given area. 

Modeling horizontal illumination from different types of 
skylights also allows you to design illumination in buildings for 
various purposes with light openings of a certain shape, for 
example, in the form of light shafts. To estimate the illumination 
under a light shaft, it is important to know the efficiency of the 
light shaft and how much it depends on the type of firmament 
(brightness distribution across the sky). 

A light shaft is a light opening, most often vertical, of any cross-
section [17-22]. It differs from a skylight in that a significant 
portion of the light shaft's output light flux is light repeatedly 
reflected from its inner walls. And it differs from a light pipe in 
that in a light pipe the output light flux creates only multiple 
reflected light, and direct light does not fall on the area of the 
output opening [23-31].  

Light shafts were widely used in industrial, public and partially 
in residential buildings [32-33]. Upper lighting through light 
shafts is projected in buildings (rooms) which on their functional 
purpose and the space decision have the low ceiling and big 
coating thickness, when there is no side lighting or the depth of 
the room does not allow to provide regulatory requirements on 
natural lighting by means of side lighting. Light shafts also quite 
often use as the design solution of the interior. Figure 1 shows 

some examples of light shaft shapes encountered in architectural 
and construction practice. Light shafts of simple forms are most 
often applied: cylindrical vertical or inclined, in the form of the 
parallelepiped, the cut-off cone, the cut-off pyramid. This is, in 
particular, due to the complexity of modeling illumination from 
light shafts, especially modeling illumination created by multiple 
reflections of light inside the shaft. The side surface of shafts with 
specular reflection is usually made glossy in light colors. In an 
ideal situation, there is no roughness or defects on the side surface. 
Therefore, it can be assumed that the sun's rays inside the shaft are 
reflected according to the law of geometric optics (specularly). In 
architectural and construction practice, shafts with diffuse light 
reflection are also used when it is necessary to create soft, diffused 
light. However, they are inferior to specular shafts in terms of 
efficiency. 

The article aims to analyze whether the efficiency of a vertical 
specularly reflecting cylindrical light shaft will change during a 
sunny day at a latitude of 50° N for different types of firmaments. 

The methods and materials section describes how the natural 
lighting of a plane according to [2] and [34] and the efficiency of 
a cylindrical light shaft are calculated in general terms. To 
calculate the efficiency, it is necessary to know the input and 
output luminous fluxes. Moreover, the output light flux consists of 
the light flux created by direct light and the light flux created by 
light repeatedly reflected from the side surface of the light shaft. 
The calculations and results section provides the input datas for 

 
Fig. 1. Examples of forms of light shafts which often meet in architectural 
and construction practice: (a) vertical cylindrical shaft; (b) inclined 
cylindrical shaft; (c) cylindrical shaft with non-horizontal upper base; (d) 
parallelepiped shaft; (e) a shaft in the form of an inclined parallelepiped 
with a rectangular opening; (f) truncated pyramid shaft; (g) a shaft in the 
form of a truncated pyramid with the top down; (h) a shaft in the form of a 
truncated circular cone; (i) a shaft in the form of a truncated circular cone 
with the top down. 
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calculating the efficiency and demonstrates the results obtained for 
the 4th type of firmament (overcast, moderately graded and slight 
brightening towards the Sun) and the 15th type of firmament 
(white-blue turbid sky with broad solar corona). The discussion 
section provides an analysis of the results obtained and directions 
for possible further research. The conclusions briefly describe the 
obtained results. 

 
2. METHODS AND MATERIALS 
In the general view the illumination of the plane is determined by 
the formula [35]: 
𝐸𝐸 = ∫ 𝑑𝑑𝐸𝐸𝐻𝐻 ⋅ 𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝛺𝛺  (1) 
where 𝛺𝛺 – the solid angle limiting the luminous flux falling on the 
plane, sr; 𝑑𝑑𝐸𝐸𝐻𝐻 – the illumination of the plane perpendicular to the 
axis of the elementary solid angle 𝑑𝑑𝛺𝛺, created by the elementary 
radiator within this solid angle, klx; 𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑥𝑥 , 𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑦𝑦 , 𝑐𝑐𝑐𝑐𝑐𝑐 𝛽𝛽𝑧𝑧  – 
radiation importance functions for the illumination of coordinate 
planes (𝛽𝛽𝑥𝑥, 𝛽𝛽𝑦𝑦, 𝛽𝛽𝑧𝑧 – light inclination angles on coordinate planes 
𝑦𝑦𝑦𝑦𝑦𝑦,𝑥𝑥𝑦𝑦𝑦𝑦,𝑥𝑥𝑦𝑦𝑦𝑦). 

Illumination of the horizontal plane can be calculated as the 
module of the sum of z-coordinates of the light vectors created by 
elementary plane 𝑑𝑑𝑑𝑑 of the firmament. In view of the fact that

 𝑑𝑑𝛺𝛺 = 𝑐𝑐𝑜𝑜𝑠𝑠 𝜃𝜃
𝑙𝑙2

𝑑𝑑𝑑𝑑, the formula for calculating of z-coordinate of the 
light vector can be written as: 

𝜀𝜀𝑧𝑧 = ∫ 𝑡𝑡𝑧𝑧 ⋅
𝐿𝐿𝜃𝜃⋅𝑐𝑐𝑜𝑜𝑠𝑠 𝜃𝜃

𝑙𝑙2
𝑑𝑑𝑑𝑑𝑆𝑆     (2) 

where 𝑡𝑡𝑧𝑧– z-coordinate of the unit vector 𝑡𝑡
→

, sent from the middle 
of the elementary plane 𝑑𝑑𝑑𝑑  to the reference point; 𝑙𝑙  – distance 
from the middle of the elementary plane 𝑑𝑑𝑑𝑑  to the calculation 

point, m; 𝜃𝜃 – the angle between the vector 𝑡𝑡
→

 and the vector of the 
normal to the surface of the radiator, rad; 𝑑𝑑– integration area; 𝐿𝐿𝜃𝜃– 
brightness of any element of the firmament which is calculated on 
the formula [2]: 

𝐿𝐿𝜃𝜃 = 𝐿𝐿𝑍𝑍⋅𝑟𝑟(𝜒𝜒)⋅𝜙𝜙(𝑍𝑍)
𝑟𝑟(𝑍𝑍𝑆𝑆)⋅𝜙𝜙(0)

,    (3) 

where 𝜙𝜙 – function of gradation of brightness which connects the 
firmament element brightness (elementary plane) and its zenith 
angle; 𝑓𝑓  – the dispersion indicatrix connecting the relative 
brightness of element of firmament with its angular distance from 
the Sun; 𝐿𝐿𝑍𝑍 – firmament brightness in zenith. Functions φ and 𝑓𝑓 are 
also defined according to the formulas given in ISO 15469: 2004. 
For the first six mathematical models of types of firmaments 
brightness in the zenith 𝐿𝐿𝑍𝑍 is calculated on the formula [34]: 

𝐿𝐿𝑍𝑍 = 𝐷𝐷𝑉𝑉
𝐸𝐸𝑉𝑉
⋅ �𝐵𝐵⋅(𝑠𝑠𝑖𝑖𝑖𝑖 𝛾𝛾𝑆𝑆)𝐶𝐶

(𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾𝑆𝑆)𝐷𝐷
+ 𝐸𝐸 ⋅ 𝑐𝑐𝑠𝑠𝑠𝑠 𝛾𝛾𝑆𝑆�,   (4) 

and for other models it is calculated by the formula [34]: 

𝐿𝐿𝑍𝑍 = 𝐴𝐴 ⋅ 𝑐𝑐𝑠𝑠𝑠𝑠 𝛾𝛾𝑆𝑆 + 0.7⋅(𝑇𝑇𝑉𝑉+1)⋅(𝑠𝑠𝑖𝑖𝑖𝑖 𝛾𝛾𝑆𝑆)𝐶𝐶

(𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾𝑆𝑆)𝐷𝐷
+ 0.04 ⋅ 𝑇𝑇𝑉𝑉, (5) 

where 𝛾𝛾𝑆𝑆  – angular height of the Sun, rad; 𝐸𝐸𝑉𝑉  – horizontal 
extraterrestrial illuminance, klx; 𝐷𝐷𝑉𝑉  – diffusion horizontal 
illumination, klx; 𝑇𝑇𝑉𝑉  – luminous turbidity factor; 𝐴𝐴,𝐵𝐵,𝐶𝐶,𝐷𝐷,𝐸𝐸  – 
the parameters specified in [34]. 
 

2.1. Calculation of efficiency of the light shaft 
The efficiency of the light shaft is determined by the formula: 

𝐾𝐾𝑃𝑃 = 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜
𝑠𝑠𝑜𝑜𝑠𝑠+𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜

𝑠𝑠𝑟𝑟𝑟𝑟

𝐹𝐹𝑖𝑖𝑖𝑖
⋅ 100%,                                   (6) 

where 𝐹𝐹𝑖𝑖𝑖𝑖 – entrance luminous flux, klx; 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠𝑜𝑜𝑠𝑠
 – part of the output 

luminous flux created by direct light from the firmament, klx; 
𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜
𝑠𝑠𝑟𝑟𝑟𝑟

 – part of output luminous flux created by light which is 
repeatedly reflected from side face of the light shaft, klx.  

It should be noted that some of the output light is always lost, 
so 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠𝑜𝑜𝑠𝑠 + 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜

𝑠𝑠𝑟𝑟𝑟𝑟 less than 𝐹𝐹𝑖𝑖𝑖𝑖, and 𝐾𝐾𝑃𝑃 less than 100%. 
 
2.2. Calculation of the entrance luminous flux  
The entrance luminous flux can be defined as the product of the 
module of z-coordinate of light vector (illumination of the upper 
basis of the shaft) calculated by formula (2) on the area of the 
upper basis. As the upper basis has the circle form, the entrance 
flux is equal: 

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝜋𝜋 ⋅ 𝑅𝑅2 ⋅ |𝜀𝜀𝑧𝑧|,    (7)  
where 𝑅𝑅 – radius of the cylindrical light shaft, m. 
 
2.3. Calculation of the output luminous flux created by 
direct light 
The part of the firmament lighting the reference point RP on the 
lower base of the shaft is formed at the intersection of the celestial 
hemisphere of unit radius (centered at the calculated point) with a 
conical surface, the vertex of which is the calculated point, and the 
directrix is the circle of the upper base of the shaft (Fig. 2). Then 

 
Fig. 2. To determination of illumination by direct light of the reference 
point RР of the lower base of the light shaft. 

 

https://creativecommons.org/licenses/by/4.0/


 S. Litnitskyi et al. Journal of Daylighting / Volume 12, Issue 2 / 20 July 2025 282  

2383-8701/© 2025 The Author(s). Published by solarlits.com. This is an open access article distributed under the terms and conditions of the Creative Commons Attribution 4.0 License. 

the illumination in the reference point created by direct light from 
the firmament can be determined on the known formulas by 
integration within the solid angle formed by the cone, using upper 
base of the shaft (cone), but not mentioned area on the celestial 
sphere of unit radius as it is more difficult to define its borders (the 
cone and area on the celestial hemisphere limit the identical solid 
angle). 

Z-coordinate of the light vector, which is created by the 
elementary plane 𝑑𝑑𝑑𝑑 = 𝑟𝑟𝑑𝑑𝜙𝜙𝑑𝑑𝑟𝑟  at the reference point, is 
determined by the formula [36]: 

𝜀𝜀𝑧𝑧 = 𝑡𝑡𝑧𝑧 ⋅
𝐿𝐿⋅𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾
𝑙𝑙2

⋅ 𝑟𝑟𝑑𝑑𝜙𝜙𝑑𝑑𝑟𝑟,    (8) 

and z-coordinate of the light vector at the reference point, created 
by direct light that passed through the upper base of the shaft, is 
calculated by integrating [36]: 

𝜀𝜀𝑧𝑧𝐵𝐵 = ∫ ∫ 𝑡𝑡𝑧𝑧 ⋅
𝐿𝐿⋅𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾
𝑙𝑙2

⋅ 𝑟𝑟𝑑𝑑𝜙𝜙𝑑𝑑𝑟𝑟2𝜋𝜋
0

𝑅𝑅
0    (9)    

The module of z-coordinate of light vector on the lower 
horizontal base of the shaft is equal in the reference point to its 
illumination. 

To calculate the output light flux, a radial grid is divided on the 
lower base of the shaft (29 points along the radius and 34 points 
along the external circle, Fig. 3), at the nodes of which the 
illumination is determined. Then the average illumination value 
for each cell was calculated (for triangular cells - the average of 
three, and for quadrilateral - of four values). The necessary 
minimum quantity of nodes was defined as a result of computer 
experiments, that further increase in quantity of nodes of the grid 
did not affect significantly result of calculations. The output 

luminous flux 𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑠𝑠𝑜𝑜𝑠𝑠 created by direct light was calculated as the 
sum of the flows passing through all cells of the grid. And the flux 
passing through one cell was calculated as the product of the 
average illumination of the cell and its area. 

 
2.4. Calculation of the output luminous flux created by 
light repeatedly reflected from the inner surface of a 
light shaft 
To calculate the part of the output light flux created by light 
repeatedly reflected from the inner surface of the shaft, it is 
necessary to determine the brightness of the beam that comes from 
the elementary plane on the celestial hemisphere and, after 
multiple reflections from the inner surface of the shaft, falls into 
the reference point RP (Fig. 4). Beam brightness 𝐿𝐿𝑖𝑖𝑖𝑖  at the 
entrance to the light shaft depends (that follows from brightness 
distribution models on the firmament) on the angle of its 
inclination to the horizontal plane (angle 𝜃𝜃) and the azimuth of its 
horizontal projection (angle 𝛼𝛼𝑖𝑖𝑖𝑖).   

Therefore, it is necessary to determine the angle of inclination 
𝜃𝜃 of the input beam to the horizontal plane and the azimuth 𝛼𝛼𝑜𝑜𝑜𝑜𝑜𝑜 
of its projection onto the same plane using the coordinates of the 
output beam 𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜 (they are determined by the coordinates of the 
reference point RP and the coordinates of the center of the 
reflecting plane dS). At reflection of the beam from the vertical 
plane (and the tangent planes to the vertical cylinder of the shaft 
are vertical), the beam inclination angle to the horizontal plane 
does not change [36]. 

 
Fig. 3. The grid divided on the lower base of the shaft. 
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Therefore, as we can calculate inclination angle of the output 
beam, it is necessary to define the number of reflections of the 
beam 𝑁𝑁from the internal surface of the shaft to its exit from the 
shaft. After each reflection of a beam of a given trajectory, the 
horizontal projection of the beam is rotated by the same angle 𝛥𝛥𝜙𝜙 
(clockwise or against it) and falls by the identical size 𝛥𝛥𝑦𝑦 (Fig. 5). 
The parameters Δφ and Δz for a given beam trajectory are 
calculated from the coordinates of the reference point RР and the 
center of the reflecting plane dS.  It allows to determine the number 
of reflections of the beam 𝑁𝑁 to the exit from the light shaft by the 
formula [36]:    

𝑁𝑁 = 𝐸𝐸𝑠𝑠𝑡𝑡 �𝐻𝐻−𝑧𝑧
𝛥𝛥𝑧𝑧
� + 1    (10) 

where 𝐸𝐸𝑠𝑠𝑡𝑡 �𝐻𝐻−𝑧𝑧
𝛥𝛥𝑧𝑧
�

 
– Antje's function (the integer part of the 

expression given in brackets); z – z-coordinate of the center of the 
reflecting plane dS, m; Н – shaft height, m. 

In addition, information about the number of beam reflections 
𝑁𝑁  allows to determine the azimuth𝛼𝛼𝑖𝑖𝑖𝑖  of the projection of the 
entrance beam onto the horizontal plane. All this in total allows to 
calculate brightness of output beam on formula [36]: 

𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐿𝐿𝑍𝑍⋅𝑟𝑟(𝜒𝜒)⋅𝜙𝜙(𝑍𝑍)
𝑟𝑟(𝑍𝑍𝑆𝑆)⋅𝜙𝜙(0)

⋅ 𝜌𝜌𝑁𝑁    (11) 

where 𝑁𝑁 – number of reflections of the beam from walls of the 
light shaft; 𝜌𝜌 – specular reflection coefficient of its inner surface. 
Thus, the light vector created in the reference point on the basis of 
the light shaft by light reflected from the plane is determined by 
the formula [36]: 

𝜀𝜀𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑅𝑅 ⋅ 𝑜𝑜⋅𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜⋅𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾
𝑙𝑙2

𝑑𝑑𝜙𝜙𝑑𝑑𝑦𝑦   (12) 
Z-coordinate of the light vector created in reference point 

reflected from all inside face of the shaft, we determine by 
integration in its limits [36]: 

𝜀𝜀𝑧𝑧𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑅𝑅 ⋅ ∫ ∫ 𝑜𝑜𝑧𝑧⋅𝐿𝐿𝑜𝑜𝑜𝑜𝑜𝑜⋅𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾
𝑙𝑙2

2𝜋𝜋
0

𝐻𝐻
0 𝑑𝑑𝜙𝜙𝑑𝑑𝑦𝑦   (13)  

and the module of z-coordinate of light vector is equal to the 
illumination of the horizontal plane of the lower basis of the shaft 
in the reference point. 

Z-coordinate of light vector and illumination are calculated on 
the grid of reference points (Fig. 3), divided on the lower base of 
the light shaft as described above. Then the average value of 
illumination for each cell is calculated. The output luminous flux 
𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜
𝑠𝑠𝑟𝑟𝑟𝑟  created by light which is repeatedly reflected from the 

internal surface of the shaft was calculated similarly i.e. as the sum 
of the flows passing through each cell. 
The block diagram of the entire algorithm for calculating the 
efficiency of the light shaft is shown in Fig. 6. 
 
3. СALCULATION AND RESULTS 
3.1. Input data 
Calculation was carried out for the 79th day of year (the vernal 
equinox: On March 20), the 173rd day of year (summer solstice: 
On June 22) and the 355th day of year (winter solstice: On 
December 21). Calculations were carried out for latitude 50o N. 
The coordinates of the Sun were calculated using well-known 
formulas [37]:  

𝛾𝛾𝑆𝑆 = 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓 ⋅ 𝑐𝑐𝑐𝑐𝑐𝑐 𝜔𝜔 ⋅ 𝑐𝑐𝑐𝑐𝑐𝑐 𝜑𝜑 + 𝑐𝑐𝑠𝑠𝑠𝑠 𝜑𝜑 ⋅ 𝑐𝑐𝑠𝑠𝑠𝑠 𝜓𝜓) (14) 
where 𝛾𝛾𝑆𝑆 – angular height of the Sun, rad; 𝜓𝜓 – declination of the 
Sun, rad; 𝜔𝜔 – time angle, rad; 𝜑𝜑 – latitude, rad. 

𝛼𝛼𝑆𝑆 =

⎩
⎪
⎨

⎪
⎧ 0  𝑠𝑠𝑓𝑓 𝜔𝜔 = 0

𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �𝑐𝑐𝑜𝑜𝑠𝑠𝜓𝜓⋅𝑐𝑐𝑜𝑜𝑠𝑠𝜔𝜔⋅𝑠𝑠𝑖𝑖𝑖𝑖𝜑𝜑−𝑐𝑐𝑜𝑜𝑠𝑠𝜑𝜑⋅𝑠𝑠𝑖𝑖𝑖𝑖𝜓𝜓
𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾𝑆𝑆

� 𝑠𝑠𝑓𝑓 𝜔𝜔 < 0

−𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 �𝑐𝑐𝑜𝑜𝑠𝑠𝜓𝜓⋅𝑐𝑐𝑜𝑜𝑠𝑠𝜔𝜔⋅𝑠𝑠𝑖𝑖𝑖𝑖𝜑𝜑−𝑐𝑐𝑜𝑜𝑠𝑠𝜑𝜑⋅𝑠𝑠𝑖𝑖𝑖𝑖𝜓𝜓
𝑐𝑐𝑜𝑜𝑠𝑠 𝛾𝛾𝑆𝑆

� 𝑐𝑐𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑠𝑠𝑐𝑐𝑒𝑒
, (15) 

where 𝛼𝛼𝑆𝑆 – azimuth of the Sun, rad. 
The declination of the Sun is calculated by the formula: 

𝜓𝜓 = 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 �𝑐𝑐𝑠𝑠𝑠𝑠𝜓𝜓𝑚𝑚 ⋅ 𝑐𝑐𝑠𝑠𝑠𝑠 �2𝜋𝜋 ⋅ 𝑁𝑁𝑁𝑁−81
365

��  (16)  

 
Fig. 4. To determination of illumination by reflected light of the reference 
point RP of the lower base of the light shaft. 
 

 
Fig. 5. To determination of number of reflections of light beam from side 
face of the light shaft (RР-1 – the output beam of the represented 
trajectory). 
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where 𝑁𝑁𝑑𝑑  – day number of the year; 𝜓𝜓𝑚𝑚 = 23,45°  – the 
maximum inclination of the Sun. 

The time angle associated with solar time 𝑡𝑡𝑆𝑆 is calculated by the 
formula: 

𝜔𝜔 = 𝜋𝜋
12
⋅ 𝑡𝑡𝑆𝑆.     (17) 

The solar time of sunrise and sunset was calculated using the 
formulas: 

𝑡𝑡sunrise = −12
𝜋𝜋
⋅ 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(−𝑡𝑡𝑡𝑡𝜑𝜑 ⋅ 𝑡𝑡𝑡𝑡𝜓𝜓),  (18) 

𝑡𝑡sunset = 12
𝜋𝜋
⋅ 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(−𝑡𝑡𝑡𝑡𝜑𝜑 ⋅ 𝑡𝑡𝑡𝑡𝜓𝜓)   (19) 

Solar time is counted from solar noon eastward with a “–” sign, 
and westward with a “+” sign. Based on the coordinates of the Sun 
at a certain moment in solar time, the angular distance between an 
element of the firmament and the Sun was calculated, which is 
necessary to calculate the brightness of the entering beam. 

Duration of sunny day from rising till the sunset for each of the 
chosen days of year has been separated into 30 equal intervals on 
which ends the direct and reflected luminous fluxes and efficiency 
of light shaft for all 15 mathematical models of firmament were 
calculated. Calculations were carried out in the system of 
computer mathematics MatLab. Illumination was calculated in 
kilolux and efficiency as a percentage.  

Also, it should be noted that calculations were carried out for 
different ratios of radius of the shaft to its height (𝑅𝑅 𝐻𝐻⁄ ), that is for 

different indexes of the shaft [38-39]. The radius of the shaft was 
1 m, and the height of the shaft varied from 0.1111 m to 10 m. It is 
clear  that in architectural and construction practice, light shafts do 
not use all such ratios, but in order to clearly show the nature of 
the change in the efficiency coefficient, the calculation was 
performed for such a wide range. 
The entrance luminous flux 𝐹𝐹𝑖𝑖𝑖𝑖 was calculated on formula (7). For 
these initial conditions its value was affected by only solar time 
and type of mathematical model of the firmament. 

At calculations of the luminous flux created by the reflected 
light for integration in the formula (13) the Monte-Carlo method 
is used [40-42]. It is caused by the fact that determination of 
number of reflections and trace of beams, demand long-term 
computer calculations, and use of the Monte-Carlo method 
considerably reduced their duration. For use of the Monte-Carlo 
method the field of integration fitted into a unit (in our case two-
dimensional) cube by normalizing the parameters 𝜙𝜙 ∈
�𝜙𝜙𝑜𝑜𝑜𝑜,𝜙𝜙𝑟𝑟𝑖𝑖𝑁𝑁�, 𝑦𝑦 ∈ �𝑦𝑦𝑜𝑜𝑜𝑜, 𝑦𝑦𝑟𝑟𝑖𝑖𝑁𝑁�: 

𝜙𝜙 = 𝜙𝜙𝑜𝑜𝑜𝑜 + (𝜙𝜙𝑟𝑟𝑖𝑖𝑁𝑁 − 𝜙𝜙𝑜𝑜𝑜𝑜) ⋅ 𝜙𝜙 ∗,𝜙𝜙 ∗∈ [0,1]  (20) 
𝑦𝑦 = 𝑦𝑦𝑜𝑜𝑜𝑜 + (𝑦𝑦𝑟𝑟𝑖𝑖𝑁𝑁 − 𝑦𝑦𝑜𝑜𝑜𝑜) ⋅ 𝑦𝑦 ∗, 𝑦𝑦 ∗∈ [0,1];  (21) 
𝑑𝑑𝜙𝜙 = (𝜙𝜙𝑟𝑟𝑖𝑖𝑁𝑁 − 𝜙𝜙𝑜𝑜𝑜𝑜) ⋅ 𝑑𝑑𝜙𝜙 ∗,𝑑𝑑𝑦𝑦 = (𝑦𝑦𝑟𝑟𝑖𝑖𝑁𝑁 − 𝑦𝑦𝑜𝑜𝑜𝑜) ⋅ 𝑑𝑑𝑦𝑦 ∗. (22) 

 
Fig. 6. Block diagram for calculating the efficiency of a light shaft. 
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Substituting (20), (21) and (22) into (13), we obtain the limits of 
integration and parameters expressed in terms of the normalized 
parameters 𝜙𝜙 ∗ and 𝑦𝑦 ∗. Substituting random points in the range of 
parameters 𝜙𝜙 ∗ and 𝑦𝑦 ∗,  calculate the integral by the formula: 

�̄�𝑦𝑜𝑜 = (1 𝑀𝑀⁄ ) ⋅ ∑ 𝑓𝑓𝑧𝑧𝑜𝑜(𝜙𝜙 ∗, 𝑦𝑦 ∗)𝑀𝑀
𝑜𝑜=1    (23) 

where 𝑀𝑀– the total number of the generated points, including 
those which did not get to the field of integration (in our case all 

points get to the field of integration as integration happens on all 
lateral surface of the cylinder); 𝑓𝑓𝑧𝑧𝑜𝑜 (φ*, z*) – value of integrand 
function for parameters in random points. 
The number of required points is estimated by the formula: 

𝑀𝑀 ≥ 1
2⋅𝛿𝛿2

,     (24) 
where 𝛿𝛿– relative accuracy, that is at 𝛿𝛿 = 1 ⋅ 10−2,𝑀𝑀 ≥ 5 ⋅ 103. 
 

 
Fig. 7. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fourth type of a firmament, the 79th 
day, reflection coefficient - 0.8). 

 

 
Fig. 8. Dependences of total efficiency of the light shaft on the index of the shaft (the fourth type of a firmament, the 79th day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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3.2. Results 
The analysis of the results received for 15 mathematical models of 
the firmament showed that they can conditionally be separated 
into three groups. In the first group of types of the firmament the 
efficiency of the shaft did not change during the day. In the second 
group efficiency not strongly changed during the day if not to take 
into account value for midday. And in the third group the value of 

efficiency varied during the day and considerably increased at 
noon. Not to overload article with information, calculation results 
were given only for two mathematical models of the firmament 
(one from the second and third groups) – the fourth (overcast, 
moderately graded and slight brightening towards the Sun) and 
fifteenth (white-blue turbid sky with broad solar corona). 

 
Fig. 9. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fourth type of a firmament, the 173rd 
day, reflection coefficient - 0.8). 
 

 
Fig. 10. Dependences of total efficiency of the light shaft on the index of the shaft (the fourth type of a firmament, the 173rd day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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In Fig. 7, the surface of dependence of total efficiency of the 
light shaft from solar time and the index of the shaft is shown. 
Results are received for the fourth type of a firmament and the 79th 
day of year. The coefficient of light reflection of an internal 
surface of the shaft 𝜌𝜌 equaled 0.8. Total efficiency of the light 
shaft at first was calculated for various values of indexes of the 
shaft and one certain value of solar time. In total these values form 
the broken flat line which shows dependence of total efficiency of 
the light shaft on the index of the shaft. Some of these flat 

polylines (not all, as the polylines merge) are shown in Fig. 8, and 
Fig. 7 shows the results obtained over the entire sunny day, 
combined into a surface. It can be seen from Fig. 7 that the values 
are symmetrical about solar noon. The maximum values 
correspond to solar noon (from 31.2% to 95.6%), and the 
minimum values are at sunrise and sunset (from 28.7% to 95.2%). 
The surface shown in Fig. 7 clearly shows that the total efficiency 
of the light shaft is almost independent of solar time, and the 
graphs (Fig. 8) already have more practical significance. 

 
Fig. 11. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fourth type of a firmament, the 
355th day, reflection coefficient - 0.8). 
 

 
Fig. 12. Dependences of total efficiency of the light shaft on the index of the shaft (the fourth type of a firmament, the 355th day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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In Figs. 9-12 the similar results received for the 173rd and 355th 
days of year are shown. The nature of the surfaces and curves 
received for these days is similar to the surfaces and curves 
received for the 79th day and shown in Figs. 7 and 8. For the 173rd 
day the maximum values correspond to solar noon (from 34.4% to 
96.3%), and the minimum values are at sunrise and sunset (from 
29% to 95.2%). For the 355th day, the value at noon is from 29.3% 
to 96.1%, and at sunrise and sunset – from 29.1% to 95.3%. 

In Fig. 13, the surface of dependence of total efficiency of the 
light shaft from solar time and the index of the shaft is shown. 

Results are received for the fifteenth type of a firmament, in case 
of the 79th day of year. The coefficient of light reflection of an 
internal surface of the shaft 𝜌𝜌 also equaled 0.8. The algorithm for 
constructing the surface in Fig. 13 and the graphs in Fig. 14 is 
similar to that in the case of the fourth type of firmament. From 
Fig. 13, it can be seen that the values are symmetrical about noon. 
The maximum values were obtained at noon (from 22.7% to 
95.4%), and the minimum values were at sunrise and sunset (from 
14.1% to 91.2%). 

 
Fig. 13. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fifteenth type of a firmament, the 
79th day, reflection coefficient - 0.8). 

 

 
Fig. 14. Dependences of total efficiency of the light shaft on the index of the shaft (the fifteenth type of a firmament, the 79th day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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In Figs. 15-18, the similar results received for the 173rd and 
355th days of year are shown. The nature of the surfaces and 
curves obtained for these days is somewhat different from the 
nature of the surfaces and curves obtained for the 79th day and 
shown in Fig. 13-14. For the 173rd day the maximum values 
correspond to solar noon (from 33.7% to 95.8%), and the 
minimum values are at sunrise and sunset (from 14.1% to 91.2%). 
For the 355th day, the value at noon is from 15.5% to 93.4%, and 
at sunrise and sunset – from 13% to 91.5%. Therefore, this 
question demands further more detailed research and search of 

regularities which can practically be used at the solution of various 
technical tasks. 

 
4. DISCUSSION 
Analogous calculations were made for all 15 mathematical models 
of the firmament. In all cases, as the light shaft index increases, 
that is, as the ratio 𝑅𝑅 𝐻𝐻⁄  increases, the efficiency value 
asymptotically approaches one hundred percent, which is 
physically correct. Knowing 𝑅𝑅, 𝐻𝐻and the shaft index, it is possible 

 
Fig. 15. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fifteenth type of a firmament, the 
173rd day, reflection coefficient - 0.8). 
 

 
Fig. 16. Dependences of total efficiency of the light shaft on the index of the shaft (the fifteenth type of a firmament, the 173rd day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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to predict natural lighting under the shaft and use energy resources 
more rationally.  

As noted above, in architectural and construction practice, the 
entire range of shaft indexes involved in calculations is usually not 
used. Based on an analysis of existing buildings with overhead 
lighting from light shafts, it was determined that the optimal index 
of a cylindrical vertical shaft varies from 0.5 to 3 [38-39]. But, if 
necessary, you can use any of the above light shaft indexes. 

However, apparently from Fig. 7-18, the dependence of total 
efficiency of the light shaft on the index of the shaft for the fourth 
and fifteenth types of a firmament changes during the day. At noon, 
the values are maximum, and at sunrise and sunset, they are 
minimum. These values are affected also by day of year. Results 
are shown only for two types of a firmament. The remaining 
thirteen cases also have their own characteristics. For example, for 
the first type of a firmament (CIE Standard Overcast Sky, Steep 

 
Fig. 17. The surface of dependence of total efficiency of the light shaft from solar time and the index of the shaft (the fifteenth type of a firmament, the 
355h day, reflection coefficient - 0.8). 
 

 
Fig. 18. Dependences of total efficiency of the light shaft on the index of the shaft (the fifteenth type of a firmament, the 355th day of year, reflection 
coefficient - 0.8) for various moments of solar time. 
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luminance gradation towards zenith, azimuthal uniformity) the 
value of efficiency during the day does not change at all. Therefore, 
taking into account all of the above, further research and additional 
analysis are needed. 

First, for greater convenience, the graph of the dependence of 
the total efficiency of the light shaft on the shaft index should be 
averaged in a certain way. At the same time not to consider value 
at noon which considerably differs from other values, and value 
for a certain interval at the beginning and at the end of sunny day, 
since these are insignificant time intervals compared to the entire 
solar day. 

Secondly, to try to find dependence of change of nature of this 
average curve within a year. For best accuracy and correctnesses 
it is necessary to analyse more days of year. Ideal option will be 
to receive values for every day of year. But because of feature of 
an algorithm, quite complex calculations, it physically can take a 
lot of time. 

Third, perform similar calculations for other specular reflection 
coefficient of its inner surface of the shaft. 
Fourth, perform similar calculations for other geographical 
latitudes. 

It is clear, that for each of 15 mathematical models of a 
firmament it is necessary to make these researches and the analysis 
separately. 

 
5. CONCLUSION 
The article considered the issue of determining the efficiency of 
the vertical specularly reflecting cylindrical light shaft for various 
types of the firmaments standardized by CIE (International 
Commission on Illumination). Efficiency of the light shaft was 
calculated as the relation of the output luminous flux (exiting 
through the lower base of the shaft) to the entering luminous flux 
(entering through the upper base of the shaft). 

Calculation was carried out for the 79th day of year (the vernal 
equinox: On March 20), the 173rd day of year (summer solstice: 
On June 22) and the 355th day of year (winter solstice: On 
December 21). Calculations were carried out for latitude 50o N. 
The article directly demonstrates the results for two types of 
firmament: for the fourth (overcast, moderately graded and slight 
brightening towards the Sun) and for the fifteenth (white-blue 
turbid sky with broad solar corona). For the 4th types of firmament 
the maximum values correspond to solar noon (from 29.3% to 
96.3%), and the minimum values are at sunrise and sunset (from 
28.7% to 95.3%).  For the 15th types of firmament the maximum 
values correspond to solar noon (from 15.5% to 95.8%), and the 
minimum values are at sunrise and sunset (from 13% to 91.5%). 
Therefore, it can be argued that solar time has little effect on the 
efficiency, which allows us to generalize the results obtained in a 
certain way. For example, we can calculate the arithmetic mean 
value during the day, but ignore the value at noon, which is 
significantly different from other values, and the value for a 
certain interval at the beginning and end of the solar day, since 

these are insignificant time intervals compared to the entire solar 
day. 

The results also showed that as the light shaft index increases, 
that is, as the ratio of the radius to the shaft height increases, the 
efficiency value asymptotically approaches one hundred percent, 
which is physically correct. Information on the radius, height, 
index of the shaft and the specular reflection coefficient of its inner 
surface allows to predict natural illumination under the shaft, 
rationally use artificial lighting, saving on it. 

In addition, the developed MatLab program can be used to 
simulate natural lighting in rooms of buildings of various purposes 
from light shafts of various sizes. 

Further research can be directed at modeling natural light 
from light shafts of other geometric shapes (e.g., rectangular 
or conical) or light shafts with diffuse light reflection. 
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