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Abstract

Direct horizontal illuminance along a calculation row due to two parallel arrays of large numbers of identical light sources behaves like
a periodic signal with a sinusoidal pattern, which contains useful information for design purpose. This study aims to describe, verify,
and discuss the theoretical concept on the superposition of direct horizontal illuminance from both arrays in such configurations, and
how to extract the information using the phasor method. Four different approaches are proposed to estimate the total direct horizontal
illuminance Er(x) and to verify the concept. Sensitivity analysis is also conducted to observe the influence of each input variable to the
resulting E7(x) pattern. The differences between obtained values using the four approaches are found very small, so that the proposed
concept is verified. Based on the sensitivity analysis, the luminous intensity distribution of the sources significantly affects the
illuminance fluctuation; whereas the impact of lateral position of the calculation row and the spatial phase difference are inconsistent.
Overall, the advantage of using phasor method has been demonstrated for this purpose, which is expected to help in understanding the

superposition phenomenon of sinusoidal pattern of illuminance, and in achieving the desired spatial contrast.

© 2020 The Author(s). Published by solarlits.com. This is an open access article under the CC BY license

(https://creativecommons.org/licenses/by/4.0/).

1. Introduction

Calculation of illuminance on the workplane or reference plane is
one of the most important tasks to perform in lighting engineering
and design. Starting from the prominent work of Lambert in the
18" century [1], most of the procedures for illuminance calculation
have been well-established in the last century [2,3] and thus have
become standard knowledge for lighting engineers and designers.

The advance of computational lighting modelling and
simulation in the past decade [4-6] also greatly reduces the need
for manually performing routine illuminance calculation, and so
contributes in providing better and more accurate design
recommendations. Nevertheless, it is important for any lighting
engineers and designers to understand the underlying principles
used in the calculation processes, to minimise the risk of having
unreliable results [7]. The knowledge of the underlying principles
shall enable engineers or designers to write their own (computer)
programs or algorithms whenever necessary; and would be a
valuable material for education purpose [7-9].
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Despite seeming to be well-understood, one of the topics that
tends to be overlooked is the the horizontal illuminance (Ep)
calculation due to parallel arrays of identical light sources
mounted at an equidistant interval, forming a periodic spatial
pattern. An example would be the configuration of pendant
luminaires in a library (Fig. 1), which consists of two parallel rows
(or arrays) of luminaires. Since the mounting height and the
distance between adjacent luminaires at the same array are
typically constant, the direct Ep values at a given calculation row
parallel to the arrays also follows a periodic spatial pattern. For
typical interior luminaires, the periodic pattern is expected to be a
sinusoidal one, provided the number of luminaires in each array is
large enough.

The direct Ep along the calculation row due to a single array of
luminaires therefore behaves like a periodic signal, stationary in
time (assuming the sources are constantly turned on) but varying
in one-dimensional space of interest. Combining both arrays of
luminaires together shall yield another sinusoidal pattern, which is
basically the superposition of two sinusoidal signals. The pattern
contains several important information, such as the values and
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Nomenclature

BZ British zonal

Ep Horizontal illuminance on a point [Ix]

E®x) Horizontal illuminance along the calculation row
[Ix]

Enei(x) Median horizontal illuminance along the
calculation row [Ix]

Enin(x) Minimum horizontal illuminance along the
calculation row [Ix]

Ena(x) Maximum horizontal illuminance along the
calculation row [Ix]

Iy Maximum luminous intensity of the source, aty = 0
[cd]

k Wavenumber [m™']

LID Luminous intensity distribution

n Power coefficient in the cosine-like LID model
Longitudinal position along the calculation row [m]

y Lateral position of the second array with respect to
the first array [m]

yp Lateral position of the calculation row with respect
to the first array [m]

y Zenith angle of luminous intensity, relative to the
source’s normal [rad]

z Mounting height of the source [m]

L’ Standardised regression coefficient [-]

AE Horizontal illuminance fluctuation [Ix]

0 Spatial phase difference, longitudinal distance
between arrays [m]

o Angular phase difference [rad]

é(x) Complex notation of horizontal illuminance along
the calculation row [Ix]

A Spatial wavelength, distance between adjacent

sources [m]

positions of maximum and minimum illuminances along the
calculation row, which can be useful for design purpose.

The example can be also extended, for instance, in the lighting
arrangement above the audience seats in theatres. To a certain
extent, one can also think on arrays of windows or clerestories on
both long sides of a corridor under the CIE overcast sky. All those
scenarios shall reveal a sinusoidal pattern of Ep along a calculation
row parallel to the sources. When the calculation row is located
for instance on a diffuse floor, the resulting illuminance pattern
may also be correlated with luminance difference and spatial
contrast, which is considered an integral part of the architectural
features of the space [10,11]. Spatial contrast is found to be an
important factor in indoor (e.g. [11-15]) and outdoor spaces (e.g.
[16-19]). In a typical indoor office setting, for instance, it is known
that luminance diversity and non-uniform lighting distribution
may be positively correlated with and the occupants’ impression
of excitement and preference [20,21], although a space with too
excessive luminous variability may be perceived as uncomfortable
[22].

The concept of spatial brightness and perceived adequacy of
illumination (PAI) in lighting design has also been promoted in
the past decade [12,23,24]. The existence of spatial patterns is also
typically indicated with luminance contrast, in the case of indoor
spaces [11,14]; and mean, minimum, and maximum illuminances
in the case of outdoor spaces (or any space with relatively low
reflections from the environment), particularly streets or roads
[17-19].

The information contained in the sinusoidal pattern is however
seldom discussed in literatures and standards. This study therefore
aims to describe and discuss the theoretical concept on the
superposition of direct Ep from both sources’ arrays in such
configurations, and to verify it with some worked examples. The
article is structured as follows: Section 2 provides the theoretical
concept of the relevant calculations for obtaining the direct £p due
to two parallel, periodic arrays of identical sources. Section 3
describes the methods applied in verifying the proposed concept,
followed with sensitivity analysis on the input variables. Sections

2 ey R
Fig. 1. Illustration of two parallel arrays of luminaires (highlighted in yellow) with a periodic pattern. (adapted from public domain image: Main Reading Room of the
New York City Public Library on 5th Avenue, ca. 1910-1920).
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4 and 5 provides the results and discussion, whereas Section 6
concludes the article.

2. Concept

Consider an array comprising a large number of identical light
sources, i.e. those with identical luminous flux and luminous
intensity distribution (LID), mounted at a constant height z above
the reference plane. The LID of the sources is assumed to be
cosine-like, i.e. closely follows that of BZ1 or up to BZ5 type in
the British Zonal (BZ) classification system [25,28]. Adjacent
sources are separated by a constant distance A, as illustrated in
Figs. 2(a), 3(a), and 4(a). Suppose there exists a row of calculation
points, parallel with the sources array at a lateral distance y.

The direct Ep values on the calculation points are expected to
vary according to a sinusoidal pattern, as illustrated in Fig. 5. One

Calculation row

(a)

0090020009%0020009%0020009%00 S~

can thus observe the maximum, median, and minimum Ep values
(Emax> Emed, Emin) along the calculation row. Since the LID of the
sources is assumed to follow BZ1 or up to BZ5 type, the source’s
luminous intensity at any zenith angle y reads:

I _{locos"y, 0<y=<mn2 !
¥ o, nR2<y<m (1)

where Iy is the maximum luminous intensity at y = 0; while n =4,
3,2, 1.5, and 1 respectively for BZ1, BZ2, BZ3, BZ4, and BZS5.
Therefore, Emax Will be achieved at position that is the nearest to
an individual source (e.g. directly beneath it), while Enin will be
achieved at position that is the farthest to any individual source
(e.g. midway between two adjacent sources).

From Fig. 5, it is clear that the median (also the mean) of the Ep
values is:

pi [ v 1|, Sources

Calculation row
0090000009000000950000009%00

"~ " Sources
§_l array 1

A | A | A
(b)

Fig. 2. Plan view of (a) a periodic array and (b) two parallel, periodic arrays of identical light sources with a constant distance 1. The black dots in the middle represent

the row of calculation points for horizontal illuminance.
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Fig. 3. Elevation view of (a) a periodic array and (b) two parallel, periodic arrays of identical light sources with a constant interval 4, as per Fig. 2.
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Fig. 4. Perspective view of (a) a periodic array and (b) two parallel, periodic arrays of identical light sources with a constant interval 4, as per Fig. 2.
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Emax
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Fig. 5. Sinusoidal pattern of direct horizontal illuminance due to a periodic array
of identical sources.

E Emi
Emed — max‘; mln’ (2)

whereas one can define E, as the difference between Emax and Emed,
which is equal to the difference between Ened and Emin, which also
reads:

Emax—Emin
E, = ZuaTmin, (3)

The direct Ep values at any position x along the calculation row
(E(x)) can therefore be described in the standard cosine form in Eq.
(4) as follows:

E(x) = E,cos(kx + ¢) + Eped» 4)

where k is the wavenumber, equal to 27/4; and ¢ is the phase
difference relative to the origin as shown in Fig. 5. It is common
to say that according to the illustration of Fig. 5, ¢ is negative (i.e.
the signal is lagging behind). The distance xmax (measured from x
= 0) at which Emax occurs is thus:

¢ ¢

Xmax = _Eﬂ' -~ % (5)

Consider now another array comprising a large number of
identical sources mounted at a constant height above the reference
plane, also with a constant interval A, but with a spatial phase
difference J. Suppose this array is located parallel with the first
one, at a lateral distance Y, as shown in Figs. 2(b), 3(b), and 4(b).
The mounting height of the sources in the second array is not
necessarily the same with those in the first array (z), but it is
practical and realistic to assume they are the same. If the
contribution from each array is now measured individually, one
can thus write:

Eq (x)=Eo,1 Cos(kx+¢1)+Emed,l 5

6
E, (x)=Eo,2 Cos(kx+¢2)+Emed,2 5 ©)

where Ei(x) and E»(x) are respectively the direct horizontal
illuminances at any position x along the calculation row due to the
first and the second array. Notice that both arrays have the same
wavenumber £, since the interval between adjacent sources in both
arrays is constant.

Suppose that the contribution from both arrays are to be
measured altogether. The resulting direct horizontal illuminance
Er(x) is thus the addition, or superposition, of Ei(x) and E»(x). In
the case where E, 1 = E,, i.e. when the lateral distances between
the calculation row and both sources arrays are the same, the £1(x)

and Ex(x) can be simply added using trigonometric identities.
Otherwise, it is easier to work the superposition using the phasor
method, which is a routine technique in dealing with signal or
wave interference.

In this case, the cosine terms in Ej(x) and FE»(x) shall be
described as the real (Re) parts of the complex notations &(x) and
&(x), which read:

§1(0)=E, 1 [cos(kx+¢q)+j sin(kx+dy)]=E, 16/ KX+ PV=E, e/k¥eP1,

§2(X)=E, z[cOS(kx+3)+] sin(kx+ey)|=E, e/ k¥t ¢2)=E, ;e/kxed2,

(7
where j = \-1.

Since k is constant for both signals, the sum of both complex
notations, ¢r(x), reads:

Er(0)=81(0)+82 (X)=e/ ¥ (Eo 16/P1+E, 2792)
=ejkx(Eo)Tej¢T) = EO’Tej(kx"'d)T) .

®)

The variables E,r and ¢r can be determined using the phasor
diagram as illustrated in Fig. 6. One can thus write:

Eo,T =

V(Eo 1 €osdy + E, 5 cos $2)? + (Ep,1 sin ¢y + E, 5 sin )2, (9)
Ey1Sin¢1+E,; sin ¢, : (10)
Ep1€COS1+E,; COS Py
ET(x) = Re{ fT(x)} + Emed,l + Emed,2 = EO,T COS(kx + ¢T) +
Emed,l + Emed,2' (1 1)

From Equation (11), the maximum, median, and minimum
values of E7(x) can therefore be determined respectively as follows:

¢ = arctan

Emax,T = Eo,T + Emcd,l + Emcd,Z' (12)
Emed,T = Emed,l + Emed,2! (13)
Emin,T = _Eo,T + Emcd,l + Emcd,Z' (14)

Having presented the concept, given a configuration of two
parallel arrays of identical sources as previously described, one
can estimate the E7(x), by first calculating Ei(x) and E>(x) at
several discrete points along the calculation row (Fig. 7), followed
by applying the phasor addition. The addition can be performed
according to one of the following step-by-step approaches:

e Approach 1 (phasor addition from regression model of
discrete individual illuminance data):

Im E,r

Fig. 6. Phasor diagram representing superposition of direct horizontal illuminance
due to two parallel, periodic arrays of identical sources.
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Direct horizontal illuminance [Ix]

..... O E1(x)
] -—A--- E2(X)
—e—ET(x)
= 0 xm!axa T T T )n T T T T 21}h
xmax,T l

Fig. 7. lllustration of discrete E;(x), E»(x), and E-(x) data along the calculation
Tow.

1) Perform curve fitting using sinusoidal regression on the
discrete E1(x) and E»(x) data. For both datasets, define
the wavenumber k = 27/4, where A is constant for both
arrays of sources. Ensure that the coefficient of
determination (R?) for both sinusoidal models are very
close to 1.

2) Observe Eo 1, ¢1, Emed,1, Eo2, ¢2, and Emed values from
the obtained models.

3) Add both models of £i(x) and E>(x) using the phasor
method as per Equations (9) until (11), to obtain E, r, ¢r,
and Emed,r.

e Approach 2 (phasor addition from observation of discrete
individual illuminance data):

1) Observe Emin, Emax, and xmax from the discrete E1(x) and
E»(x) data.

2) Calculate E, and Emeq based on Enmin and Emax for each
dataset using Equation (3).

3) Calculate k= 27/A.

4) Calculate ¢ = —kxmax for each dataset using Equation (5).

5) Add both models of Ei(x) and E»(x) using the phasor
method as per Equations (9) until (11), to obtain E, r, ¢r,
and Emed,r.

Results from both approaches shall be verifiable by directly
observing the addition of Ei(x) and E»(x) for each discrete point,
thus giving discrete Ef(x) data as illustrated in Fig. 7, without
applying the phasor addition. In turn, one of the following step-
by-step approaches can be performed:

e Approach 3 (regression model from observation of discrete
total illuminance data):

b

1) Perform curve fitting using sinusoidal regression on the
discrete Er(x). Also define the wavenumber k = 2z/4 and
ensure that R > 1.

2) Observe Eor, ¢1, and Emeq,r values from the obtained
models.

e Approach 4 (observation of discrete total illuminance data):

1) Observe Emin,r, Emax,7, and Xmax,r from the discrete E7(x)
data.

2) Calculate Eo r and Emed,r based on Emin,r and Emax,r for
each dataset using Equation (3).

3) Calculate k = 27/A.

4) Calculate ¢7 = —kxmax 7 for each dataset using Equation
().

Based on the obtained coefficients in Approach 1 until 3, the
Enint, Emax1, Emedr, and xmax,r can be estimated. The
corresponding values obtained in all approaches are expected to
be close to each other, provided the sinusoidal pattern is achieved.
It should be noted that only a hypothetical configuration is
described here, which are relevant to explain the theoretical
concept of phasor addition in direct horizontal illuminance
calculation. The function of the space is irrelevant in this part,
because the concept is meant to be general, and thus is not affected
by the absolute values of the horizontal illuminance. Material
reflectance is assumed zero for all surfaces, because only direct
horizontal illuminance is considered throughout the study.
Dimensions are provided conceptually (with symbols) in Figs. 2-
4, again because this section only provides the general concept,
which is not affected by the absolute values of space dimensions.
To further illustrate and test the concept, several examples are
given in Section 3.

3. Methods
3.1. Verification

To give an illustration of the proposed concept in Section 2,
consider the configuration of two parallel arrays of identical
sources in Fig. 8. The distance between arrays (Y), the distance
between adjacent sources (4), and the mounting height (z) are set
constant as 3 m. Each array consists of 14 identical downlight
sources, each of having LID according to either BZ1 or BZS5 type,
with the maximum luminous intensity of 1800 cd (i.e. yielding £
=200 Ix at a point 3 m directly beneath the source’s centre). The
observed space in Fig. 8 can be thought as a large reading hall in
libraries (as in Fig. 1), provided a nighttime situation and a
relatively low or negligible mean room surface reflectance. The
specified maximum luminous intensity and the corresponding
direct horizontal illuminance can thus be attributed to the chosen
function.

Array 2

- @--0--0--0--0--0-0--0--0--0--0--0-0--0

y=rr

; Calculation row Array 1

)1 --0--0--0--0--0-90-0--0--0--0--0-0--0-

P A A D AU AR SR NP

Lol b
71T 71 T 71 1
x=-21 -18 -15 -9 -6 -3 0

Fig. 8. Plan view of the tested configuration; units in meter.

o1t 1T 1T T T T
36 9 12 15 18 21
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Table 1. List of all variables considered in the test.

Variable Value

LID BZ1,BZ5

e 0,0.5,1.0,1.5m
0 0,0.5,1.0,1.5m

There are 60 calculation points with an interval of 0.1 m along
the calculation row, located at x = —1.5 until 4.5 m, according to
the plan view in Fig. 8. The calculation row is at lateral distance y
= yp; where yp =0, 0.5, 1.0, or 1.5 m. The spatial phase difference
0 between both arrays is defined as 0, 0.5, 1.0, or 1.5 m, all shifted
towards the right-hand side of the first array. Table 1 lists all
variables considered (LID, yp, and J) in the test. All combinations
are considered, except the ones with yp = d = 1.5 m, because E(x)
and FE>(x) will cancel each other out with respect to Emeq, so that
the resulting E7(x) curves will be entirely flat and thus do not
behave like sinusoidal signals. Therefore, in total there are 30 (=
2x4%4 —2) combinations.

While the length of the calculation row is only 6 m, it is
necessary to introduce as many as 14 sources in each array to
ensure the sinusoidal pattern is conserved in the calculation row.
If there are too few sources in each array, the resulting E»>(x) due
to shifted sources in the second array will be asymmetrical,
because the calculation points on the left-hand side will see less
contribution from the sources compared to the right-hand side.

The direct Ep at the i-th calculation point (Ep;) due to an
individual source S; can be simply determined using the formula
of point light source as follows:

I Iy, z I
Ep;=Ycosa=Lt=—=-=%
P'l TZ 7"27',‘_ Ti3

; ‘ (15)

where a is the angle between the line of sight and the normal of
the calculation point; r; is the distance between S; and the
calculation point. In this case, « = y since the source’s and

*Z.
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receiver’s normal are parallel. Substituting Equation (1) to (15),
for 0 <y <7/2, one can write:

Iy Io (z\" Ipz™*?
Ep; = = (cos "-z=—(—) cZ =
P, w3 ( V) 2\ PO

(16)

The total direct Ep at the i-th calculation point (E(x)) due to N
number of sources is thus simply the sum of Ep; from each source.
E(x) = XL, Ep. a7)
After performing routine calculations to obtain £(x) at the entire
60 points along the calculation row, the E(x) and E»(x) values are
determined. In turn, the four approaches described in the end of
Section 2 are applied to estimate the sinusoidal model of E7(x). In
particular, the curve fitting method using sinusoidal regression is
applied using an online calculator [27]. The calculator returns the
regression model as y = a sin (bx + ¢) — d, where x and y are the
input and output variables, while a, b, ¢, d are coefficients to be
computed. However, since sin 6 = cos (6 — 7/2), the regression
model can be presented as y = a cos (bx + ¢ — #/2) — d, which can
be compared with the standard forms in Equation (6). Finally, the
values of Emin,r, Emax,7» Emed,7, and Xmax,7 from all approaches are
reported and compared to each other.

3.2. Sensitivity analysis

To observe the influence of each input variable to the resulting
pattern of E7(x), sensitivity analysis is conducted by performing
multiple linear regression on the input and output variables. As
defined in Table 1, the input variables are the LID (represented
with the #» number; 4 for BZ1, 1 for BZ5), yp, and J. To create a
fair comparison, the observed output variables are AE = (Emax,r —
Emin,T)/Emed,T and Xmax, T+

In turn, the input (n;, yp;, ;) and output (AE; and xmax,r,;) variables
in any of the i-th configuration are normalised with respect to the
mean (1) and standard deviation (o) values, to obtain normalised
input (n; °, yei’, 6;") and output (AE; *) variables as follows:

Table 2. Obtained values of Enin 7, Emax, 7> Emed, 7> and Xmax 7 using the four approaches in the configuration with BZ1 LID type.

ye [m] 0 0 0 0 0.5 0.5 0.5 0.5 1.0 1.0 1.0 1.0 1.5 1.5 1.5
J [m] 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0.0 0.5 1.0
Ein,1 App. 1 216 216 217 217 219 219 220 221 209 211 214 216 204 206 211
[1x] App. 2 216 216 217 217 219 219 220 221 209 211 214 216 204 206 211
App. 3 216 216 217 217 219 219 220 221 209 211 214 216 204 206 211
App. 4 216 216 216 217 219 219 220 221 209 211 214 215 204 206 211
Enaxr App. 1 264 263 263 263 262 261 260 259 243 241 238 236 232 231 225
[1x] App. 2 264 264 263 263 262 261 260 259 243 241 238 236 233 231 225
App. 3 264 263 263 263 262 261 260 259 243 241 238 236 232 231 225
App. 4 264 264 263 263 262 261 260 259 243 241 238 237 233 231 225
Enear App. 1 240 240 240 240 240 240 240 240 226 226 226 226 218 218 218
[1x] App. 2 240 240 240 240 240 240 240 240 226 226 226 226 218 218 218
App. 3 240 240 240 240 240 240 240 240 226 226 226 226 218 218 218
App. 4 240 240 240 240 240 240 240 240 226 226 226 226 218 218 218
Xmax,T App. 1 0.00 0.01 0.01 0.00 0.00 0.02 0.03 0.00 0.00 0.09 0.11 0.00 0.00 0.25 0.50
[m] App. 2 0.00 0.01 0.01 0.00 0.00 0.02 0.03 0.00 0.00 0.09 0.11 0.00 0.00 0.25 0.50
App. 3 0.00 0.01 0.01 0.00 0.00 0.02 0.03 0.00 0.00 0.09 0.11 0.00 0.00 0.25 0.50
App. 4 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.10 0.10 0.00 0.00 0.25 0.50
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Table 3. Obtained values of Enin 7, Emax, 7 Emed, 7> and Xmay 7 using the four approaches in the configuration with the BZS LID type.

Ve [m] 0 0 0 0 05 0.5 0.5 05 1.0 1.0 1.0 1.0 15 1.5 1.5
5 [m] 0 0.5 1.0 15 0 0.5 1.0 15 0 0.5 1.0 15 0.0 0.5 1.0
Ewnr  App. 1 416 416 416 416 435 435 436 436 441 442 444 445 442 443 446
[1x] App. 2 415 416 416 416 434 435 436 436 441 442 443 444 442 443 445
App. 3 415 416 416 416 435 435 436 436 441 442 444 445 442 443 446
App. 4 415 415 416 416 434 435 436 436 441 442 443 444 442 443 446
Emsr  App. 1 433 433 433 433 451 451 450 450 455 455 453 452 455 454 452
[1x] App. 2 433 433 433 433 452 451 450 450 456 455 453 452 455 454 452
App. 3 433 433 433 433 451 451 450 450 455 455 453 452 455 454 452
App. 4 433 433 433 433 452 451 450 450 456 455 453 452 455 454 452
Emear  App. 1 424 424 424 424 443 443 443 443 448 448 448 448 449 449 449
[1x] App. 2 424 424 424 424 443 443 443 443 448 448 448 448 449 449 449
App. 3 424 424 424 424 443 443 443 443 448 448 448 448 449 449 449
App. 4 424 424 424 424 443 443 443 443 448 448 448 448 449 449 449
Xmaxr  App. 1 000 001 001 000 000 003 004 000 000 010 014 001 000 024 049
[m] App. 2 000 002 002 000 000 004 004 000 000 011 014 000 000 025 049
App. 3 000 001 001 000 000 003 004 000 000 010 014 001 000 024 049
App. 4 000 000 000 000 000 000 000 000 000 010 010 000 000 025  0.50

Table 4. Absolute differences between the largest

and smallest values of Enin 7, Emax,7> Emed. 7> and Xmax, 7 Obtained with the four approaches in the configuration with BZ1

LID type.
yp [m] 0 0 0 0 0.5 0.5 0.5 0.5 1.0 1.0 1.0 1.0 1.5 1.5 1.5
0 [m] 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0.0 0.5 1.0
Ein,r[1x] 0.0 0.1 0.2 0.4 0.0 0.1 0.2 0.4 0.1 0.1 0.3 0.5 0.1 0.1 0.2
Enax,r[Ix] 0.2 0.2 0.2 0.2 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.1 0.0 0.1 0.0
Ernea,r[Ix] 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.2 0.0 0.0 0.1 0.2 0.0 0.1 0.1
Xmax,7 [M] 0.00 0.01 0.01 0.00 0.00 0.02 0.03 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00

Table 5. Absolute differences between the largest and smallest values of Enin 7, Emax,75 Emed,7s and Xmax 7 Obtained with the four approaches in the configuration with BZ5

LID type.
ye [m] 0 0 0 0 0.5 0.5 0.5 0.5 1.0 1.0 1.0 1.0 1.5 1.5 1.5
0 [m] 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0 0.5 1.0 1.5 0.0 0.5 1.0
Epin,r[1IX] 0.2 0.2 0.2 0.2 0.3 0.2 0.2 0.2 0.3 0.1 0.1 0.2 0.3 0.2 0.1
Epaxr[IX] 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Epear[Ix] 0.1 0.1 0.1 0.0 0.1 0.1 0.1 0.0 0.1 0.0 0.1 0.1 0.1 0.1 0.1
Xmax,7 [m] 0.00 0.02 0.02 0.00 0.00 0.04 0.04 0.00 0.00 0.01 0.04 0.01 0.00 0.01 0.01
¢ My—pn . Ypi~lyp . Si—us . suggests a highly positive influence, SRC = —1 suggests a highly
s o YR TT &' = oy LT 1,2,...,30, negative influence, and SRC = 0 suggests no influence at all.
(18)
AE,:AEi_#AE _— ;xmax,T,i_”xmax_T,i_ 4. ReSUI.tS .
T gap  ¥'maxT,; O Xmax, T+ (19) 4.1. Verification

i=1,2,.,30,

The regression analysis for is performed according to the
following linear models in Equations (20) and (21):

AE" = Bi'n' + By'yp" + B5'6" + €, (20)
X' max,r = P10+ B'yp' + B5'6 + €, (21
where 8’ is the standardised regression coefficient (SRC), and ¢’

is the intercept or residual error. The SRC values represent the
influence of each input variable on the output, where SRC = 1

The resulting values of Emin7, Emax,7s Emed, 7, and Xmax,r Obtained
using the four approaches are summarised in Table 2 (for BZ1 LID
type) and Table 3 (for BZS LID type). Meanwhile, Tables 4 and 5
reports the absolute difference between the largest and smallest
obtained values among the four approaches, for both LID types,
and for each combination of yp and ¢. It is observed that the
differences between values obtained from all approaches are very
small, i.e. < 0.5 Ix for the illuminances and < 0.04 m for Xmax.7.
Therefore, the proposed concept is verified and any of the four
approaches can be applied for the considered scenarios.
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Fig. 9. Total direct horizontal illuminance E7(x) obtained using Approach 1 until 4, in the configuration with (a) yp =1 m, 6 = 1 m, BZI type; (b) yp=1m, 0 =1.5m,

BZ5 type.

Table 6. SRC (f°) of each input variable based on the sensitivity analysis results.

Output \ Input n’ ye’ o’ g’ R
AE’ 0.899 —0.341 —0.131 6.18x107'® 0.921
X max,T -0.012 0.619 0.206 1.35x10°1¢ 0.321

The greatest difference between illuminances obtained using the
four approaches is 0.5 1x, achieved for Emin,r in the configuration
with yp = 1 m, 6 = 1.5 m, BZ1 type. Meanwhile, the greatest
difference between xmax,r values from all approaches is 0.04 m, i.e.
less than half of the interval between calculation points, achieved
in the configuration with (yp, ) = (0.5 m, 0.5 m); (0.5 m, 1.0 m);
and (I m, 1 m); all with BZ5 type. The greatest differences
between FEmar values and between Emeqr values from all
approaches are found to be only 0.2 Ix, hence practically no
difference at all.

To give further illustrations, Fig. 9 displays the plots of E+(x)
with respect to x € [-1.5 m, 4.5 m], obtained using the four
approaches, in the configuration with yp =1 m, d = 1 m, BZ1 type;
and yp =1 m, = 1.5 m, BZ5 type. It is observed that the resulting
graphs are perfectly sinusoidal and nearly identical with each other,
suggesting a good agreement between all approaches, either with
or without applying the phasor addition, regardless of the selected
configuration.

4.2. Sensitivity analysis

Table 6 displays the SRC (f ) of each input variable in Equation
(20), based on the sensitivity analysis results. The adjusted
coefficient of determination (R%g;) of the linear model of AE ’ is
0.921, and thus is sufficiently high to ensure reliable results.

The largest SRC in the AE ’ sensitivity model is 0.899, obtained
for n’. In other words, the choice of LID type of the source can
significantly affect AE. When n = 1 (BZS5 type), AE is relatively
small so that the fluctuation between Emax,r and Eminr may be
unnoticeable, because the sources’ LID is wide (120° beam angle)
and thus create smaller contrast within points along the calculation
row. Conversely, when n = 5 (BZ1 type, 66° beam angle), the
fluctuation may be noticeable, since the narrow LID corresponds
to smaller beam angle, yielding a greater contrast along the row.

For any n values in between, the resulting performance can be
estimated accordingly due to the linear behaviour of the variables.

Meanwhile, the lateral position of the calculation row (yp) and
spatial phase difference (J) are relatively less influential on the
fluctuation (SRC =—-0.341 and —0.131 respectively). The impacts
from both variables are negative, meaning that the larger the yp
and ¢ values, the smaller the spatial contrast. It should be noticed
however that the variation of yp and ¢ is periodic, so that the
predicted effects only apply within the range between 0 and A/2.
Beyond that range, the effect would be symmetrical and not be
continuously increasing (or decreasing).

0.50
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0.40 -
T 035 -
5030 1
£ 0.25
#0.20
%015
0.10 -
0.05 -
0,00 Gsssmzseee g |

m:

y=0.0041¢26567x ¢
R2=0.9979 .|
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e [m]

Fig. 10. Average xm.xr in all configurations against yp; error bars denote the
standard deviations.
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Fig. 11. Total direct horizontal illuminance Ex(x) in all configurations with (a) BZ1 and (b) BZ5 LID type.

While the AE ° sensitivity model is highly linear, the x ’maxr
model is not (R%g = 0.321); so that the results cannot be held
reliable. It is noticed however that the largest SRC in that model
is of yp’ (0.619). Thus, an additional analysis is performed by
plotting the average xmax,r in all configurations against the yp
values. Figure 10 displays the resulting plot, suggesting a
logarithmic relation (R? = 0.998) between both variables. The
standard deviation from the average values, however, can be
considerably large, particularly for yp = 1.5 m. The large
deviations can be attributed to the significant difference of both
LID types, which can be observed from pattern comparison as
follows.

The sinusoidal patterns of Er(x) in all configurations are
compared to each other in Fig. 11, with respect to x € [-1.5 m, 4.5
m]. With the same Iy value of 1800 cd for both LID types, the
resulting Ef(x) values for BZ5 are approximately twice those for
BZ1. The E1(x) fluctuations (i.e. Emax — Emin = 2E,) due to BZ1 can
be as large as 50 1x, whereas those due to BZ5 are not found larger
than 15 Ix. This is again due to the beam angles associated with
the LID pattern, where larger n values (as in BZ1) correspond to
narrower light distribution, hence greater spatial contrast. In
general, it explains why the LID types are deemed significant in
influencing AFE in the sensitivity analysis. Meanwhile, the impact
of yp and ¢ variations on AFE patterns are not consistent across all
configurations. In the BZ5 type, AE values tend to be similar
regardless the yp and 6. However, in the BZ1 type, larger AE
values are found for yp = 0 and 0.5 m; while for yp =1 and 1.5 m,
the values tend to become smaller.

With respect to Xmax.7, it is observed that for 0 < yp < 1 m, the
Xmax,r Values are close to zero, meaning that the maximum E7(x)
are located near any individual source in the first array. The
behaviour of xmax,7 due to variation of yp is however not linear, as
described in Fig. 10. When yp = 1.5 m, i.e. halfway the lateral
distance between both arrays (Y), the shift of xmax,r due to varying
0 is more noticeable, up to 0.5 m. In the scenarios with yp = 1.5 m
and 6 = 1 m, not only the location of maximum Er(x) shifts to the
right, but also the AE tends to get smaller, suggesting less
fluctuating pattern. When yp = 6 = 1.5 m, there will be no
fluctuations at all (AE = 0), thus a completely uniform spatial
pattern is achieved along the particular row.

As an alternative to visualise the results, several samples of the
scenes with BZ1,0=0; BZ1,0=1.5m; BZ5, 6 =0; and BZ5, 0 =
1.5 m are modelled and simulated in DIALux 4.12 [28,29], with
light loss factor of 1.0. In addition, to visualise the illuminance
distribution on arbitrary vertical planes, two parallel black walls
are introduced at y = —0.5 m and 3.5 m (i.e. 0.5 m beyond each
sources’ array). The resulting false colour images showing direct
illuminance distribution on the surfaces in those scenes are
displayed in Fig. 12. Note that the same illuminance scale,
between 150 and 550 Ix, are employed in those four scenes.

It is observed that while the maximum luminous intensity /o =
1800 cd is constant for both BZ types, the maximum Ep values in
the BZ1 scenes are smaller than those in the BZ5 scenes, due to
the wider LID in the latter. For the same reason, the Ep variations
in the BZ5 scenes are also less visible than those in the BZ1 scenes.
Regardless of the ¢ values, the highest spatial contrast in the BZ1
scenes are found between the points beneath the sources and those
on the middle row. Nevertheless, increasing the J value up to 1.5
m (= A/2) may reduce this contrast, relative to 6 = 0. In the BZ5
scenes, shifting the J value is not expected to dramatically change
the visual observation of the horizontal surface.

5. Discussion

The following remarks can be made regarding the phasor method
proposed in Section 2 as Approaches 1 and 2. Both approaches can
be employed in the situation where the individual Ep from the
source is known or can be determined. Approach 2 is relatively
simpler than Approach 1, which requires a certain sinusoidal
regression calculator; but if there are too few discrete Ep data, the
estimation of xmax value in Approach 2 may be incorrect, because
the actual xmax value may be located between (i.e. not exactly on)
the observed calculation points.

Meanwhile, the direct observation of Er(x) data as in
Approaches 3 and 4 can be performed only if such data are
available, for instance in an actual installation. Approach 4 is
simpler than Approach 2, with the same reason as in Approach 2
to Approach 1. Again, Approach 4 may however be less accurate
if the actual xmax value lies between the observed calculation points.
Of course, the individual Ep from the two sources’ arrays can be
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Fig. 12. False colour images of direct illuminance on surfaces in scenes with (a) BZ1, 6 =0, (b) BZ1, § = 1.5 m, (c) BZ5, =0, (d) BZ5, 0=

4.12.

simply added to each other to obtain E7(x); but the idea is to
determine the optimum configuration of both arrays without
having to perform the ‘trial and error’ approach. By showing that
the results obtained using all four approaches are similar to each
other, the concept of phasor method to predict the E7(x) in this case
is verified.

In turn, one may still question the usefulness of such concept in
lighting design. To answer that, it is first to be understood that an
engineering design process requires a known relation between
input (design parameters) and output variables (performance
indicators). Once the values of the output variables have been
defined, for instance based on standards, regulations, or user
requirements, the designer shall be able to determine the required
input variables values. In this case, the resulting E7(x) pattern is
the desired output, whereas the geometrical variables are to be
designed accordingly.

An obvious example would be the case to determine the position
of calculation row having uniform pattern of £+(x), which can be
achieved by setting yp = Y/2 and 6 = /2. Since Y and 4 cannot be
zero because both arrays and adjacent sources must be separated
by a finite distance, J cannot be zero either. When the arrays
configuration is staggered with 0 = 1/2, i.e. half the interval
between adjacent sources in each array, the Ei(x) and Ex(x)
patterns cancel each other out with respect to Emed, as mentioned
in Section 3. Applying a perfectly aligned configuration (6 = 0),
instead of the staggered one, shall not yield a uniform pattern in
the middle row. Of course, these observations are valid with the
underlying assumptions, e.g. the sources in each array are identical
and have a cosine-like LID type, the interval 4 is constant for both
arrays, and only direct illuminances are considered. Nevertheless,
the general idea should be visible here.

While the case of yp = ¥/2 is quite intuitive due to symmetry, the
case of arbitrary yp values (0 < yp < ¥/2) may be less obvious, so

m‘l’ﬂo o

g 0 b

. 0

(d)

1.5 m, simulated in DIALux

that the configuration of both arrays should be designed properly.
In that case, one can start with the desired sinusoidal pattern of
Ex(x), by defining the intended Eminr, Emax7, Emedr, and Xmax,r
values, so that E,r, k (= 2a/l), and ¢r coefficients can be
determined. Next, the contribution from a single array to the
calculation row may be determined, so that E,; can be defined,
whereas k is already a constant and ¢; can be set to zero with
respect to the first array. Equations (9) and (10) can therefore be
applied simultaneously to determine £, and ¢,. Once E,» and ¢
are known, the location of the second array can be determined.

Equivalently, one can construct the phasor diagram as in Fig. 6
and proceed with conducting the analysis to obtain £, and ¢, (Fig.
13). From the diagram, one can write: tan ¢» = E, r sin ¢r/ (Eo 1
cos ¢r— E, 1) and then solve for ¢,. Furthermore, since E, sin ¢,

0,7 SIN @7, one can also solve for E,,. Again, the advantage of
using phasor method with complex notation is demonstrated here,
which is expected to help in understanding the superposition
phenomenon and in achieving the intended Er(x) pattern.

As mentioned earlier, several main assumptions are required in
the entire concept. First, all sources should possess a cosine-like
LID, so that the resulting Ei(x), E»(x), and Er(x) all reveal
sinusoidal patterns. Such LID type is reasonable for typical
downlight, point-source luminaires for indoor applications. Thus,
the proposed cases may be applicable for interior spaces with
parallel and periodic arrays of downlights and with little
reflections from the surrounding surfaces, e.g. large reading halls
in libraries (as in Fig. 1), auditoriums, theatres, or galleries. It is
also possible to find applications in outdoor scenes, as in
pedestrian or small residential lighting. Meanwhile, large street
lighting luminaires typically have a batwing type of LID, which
will yield a sawtooth-like, instead of sinusoidal, pattern of
illuminance.
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Im

Fig. 13. Phasor diagram to determine E,, and ¢, from the defined E, 7, ¢r, E,,1, and
$1 (=0).

The second main assumption is that both arrays have a constant
spatial wavelength A, which is necessary to enable the use of
phasor diagram, where one can put the term ¢ in Equation (8)
aside and recall it later once the superposition has been done. In
cases where A from both arrays are different, the cosine terms shall
be added individually. In turn, it should be possible to decompose
the combined pattern of E7(x) using Fourier series expansion, to
reveal the individual wavelengths (or frequencies). This is beyond
the scope of this article but can be definitely considered for future
studies.

Finally, to give another perspective on the applicability of the
proposed concept, it is worthwhile to thoroughly read the proposal
of Cuttle et al. [12,23,24] regarding the appearance-based,
perceived adequacy of illumination (PAI), and the eventual
reception of his proposal during the past decade. While they argue
that horizontal illuminance is not necessarily related with PAI and
spatial brightness [12], some (perhaps many) will keep saying that
horizontal workplane illuminance is still very much what matters
in the design practice [30]. In this current study, though still based
on horizontal illuminance, the resulting patterns are never
expected to be uniform (except for the special case of yp = ¥/2 and
0 = A/2), and thus can be related to some extent with the concept
of target/ambience illuminance ratio (TAIR) [24,30]. For instance,
though not exactly the same, the Enin can be compared in analogy
with the ambient illuminance, whereas FEm.x with the target
illuminance.

As a follow-up of this current study, further investigations are
suggested on more scenarios involving sinusoidal patterns of
illuminance in various realistic situations, for instance in large
halls or residential roads. Furthermore, since this study only
considers regularly-spaced arrays of sources, scenarios in future
studies can also be extended to irregularly-spaced arrays. The
proposed phasor method in this study is thus expected to become
a tool to better understand the physical phenomena of light
superposition from parallel arrays of sources, and eventually to
refresh the design practice in such cases.

6. Conclusion

Direct horizontal illuminance along a calculation row (Er(x)) due
to two parallel and periodic arrays of large numbers of identical
light sources, with a cosine-like luminous intensity distribution
(LID) type, reveals a sinusoidal pattern that contains several
important information. Four different approaches, including the
use of phasor method, are employed to verify the concept of

adding the sinusoidal pattern of direct illuminance from both
arrays. Examples of configuration with BZ1 or BZ5 LID type are
introduced, as described in Section 3. A very good agreement,
with differences of < 0.5 Ix for the illuminances (Emax,7, Emin,r,
Emedr) and < 0.04 m for the position of maximum illuminance
(xmax,7), 1s found between all approaches in all configurations. The
proposed concept is thus verified.

Based on the sensitivity analysis, the choice of LID type
significantly affects AE, which is the ratio between (Emax,7 — Emin,7)
and Emeq,r. For BZS type, AE is relatively small so that the
illuminance fluctuation may be unnoticeable, because the sources’
LID is wide (120° beam angle) and thus create smaller contrast
within points along the calculation row. For BZ1 type, the
fluctuation may however be noticeable, since the narrow LID
corresponds to smaller beam angle, yielding greater spatial
contrast.

Meanwhile, the impact of lateral position of the calculation row
(yp) and the spatial phase difference (J) on AE patterns are
inconsistent. In the tested scenarios, for 0 <yp <1 m, the maximum
Er(x) are located near any individual source in the first array. The
behaviour of Xmax,r due to variation of yp is however not linear.
When yp = 1.5 m, i.e. halfway the lateral distance between both
arrays (Y), the shift of xmax, 7 due to varying ¢ is more noticeable.
In the scenarios with yp = 1.5 m and 6 = 1 m, not only the location
of maximum Er(x) shifts to the right, but also the E7(x) fluctuation
becomes less. When yp = 6 = 1.5 m, a completely uniform spatial
pattern with no fluctuations is achieved along the particular row.
Overall, the advantage of using phasor method with complex
notation has been demonstrated, which is expected to help in
understanding the superposition phenomenon of sinusoidal pattern
of illuminance, and in achieving the desired spatial contrast.
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